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E-mail address: qih@colorado.edu (H. Jerry Qi).Light-activated polymers can undergo complex deformation in response to the combination of mechan-
ical and optical stimuli. These materials are attractive for remote actuation and sensing applications.
However, the behavior of such materials subjected to photomechanical patterning is not well understood.
In this paper we consider a polymer that operates by photoactivated stress relaxation; at the molecular
level, photoinitiation of residual initiator molecules generate free radicals that break and then reform in-
chain functionalities of stretched chains in an elastomeric network, which results in macroscopic stress
relaxation. We carry out experiments and ﬁnite element calculations that demonstrate the sequence of
deformation events culminating in the formation of a buckled spot as a result of biaxially stretching
the elastomeric ﬁlm then irradiating a circular region followed by releasing the mechanical constraint.
In order to better understand the photomechanics, we analyze a simpler model problem wherein a linear
elastic, stress relaxing disk is subjected to (i) radial extension, (ii) irradiation of a concentric circular
region, and (iii) release of the applied displacements in (i), which results in deformation and stress redis-
tribution. In the ﬁnal step, the deformation may transition from planar to buckling out of the plane
depending on system parameters. Companion ﬁnite element calculations are performed against which
our analytical results are in good agreement. Although not directly comparable, the analytic model qual-
itatively agrees with the experiments. The results of this work provide a useful foundation from which to
explore more interesting behavior of periodically photo-mechanically patterned ﬁlms and other more
challenging actuation problems.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Mechanically-responsive, light-activated polymers (LAP) are an
exciting class of environmentally activated materials that undergo
large deformations in response to irradiation at particular wave-
lengths (Finkelmann et al., 2001; Ikeda et al., 2003; Li et al.,
2003; Warner and Mahadevan, 2004; Lendlein et al., 2005; Jiang
et al., 2006). One critical feature that distinguishes LAPs from other
environmentally activated materials, such as thermally driven
shape memory in polymers (Tobushi et al., 1996; Liu et al., 2006;
Behl and Lendlein, 2007; Qi et al., 2008) or swelling in tempera-
ture-sensitive hydrogels (Qiu and Park, 2001; Yu et al., 2001;West-
brook and Qi, 2008; Guvendiren et al., 2009), is that light as
stimulus offers remote application with precise spatial control that
can be readily realized with existing optical technologies. Such
capabilities make possible complex photo-mechanical applications
for sensing and actuation that are not feasible with other systems.
In this article, we focus on the behavior of a photo-induced net-
work rearranging (PNR) elastomer (Scott et al., 2005, 2006), whichll rights reserved.exhibits macroscopic photo-induced stress relaxation and operates
as follows (Long et al., 2009). The material is deformed in a pre-
scribed manner, held in the deformed shape, and irradiated with
light at a prescribed material-dependent wavelength. A sequence
of photo-chemical reactions ensues that continuously fragments
and reforms polymer chains in the network, ultimately rearranging
the connectivity of the network, evolving it to a stress-free conﬁgu-
ration. Subsequently,when themechanical constraints are released,
the material deforms into a shape that is different from the original
shape in order to satisfy mechanical equilibrium. We idealize the
material’s complex photomechanics via a rule-of-mixtures
approachwherein the continuummechanical behavior of amaterial
point is represented by the volume-fraction weighted sum of the
behaviors of two networks that are stress free in different conﬁgu-
rations. The original network is stress free in the reference state of
the body while the reformed network is stress free in an intermedi-
ate conﬁguration determined by the irradiation history. Irradiation
and subsequent network fragmentation and reformation drive the
evolution of the respective network volume fractions as well as
the stress free conﬁguration of the reformed network.
Realizing applications using these novel materials requires
experimentally validated theory and attendant computational
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Fig. 1. A typical engineering stress vs. time. The inset shows the engineering stress
normalized with its value at the moment the light source is turned on. Initially, the
uniaxial specimen is extended to 10% uniaxial strain in 2 min (I). Then, it is held in
place for 1 min during which small viscous effects are observed (II). At 3 min, the
light source is turned on and maintained for the remainder of the test (III).
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multi-physics constitutive framework that simultaneously models
photo-physics, photo-chemistry, network evolution, and ﬁnite
deformation mechanical behavior (Long et al., 2009, 2010a). This
framework has been applied successfully to the PNR system and
used to predict its behavior in a variety of photo-mechanical sce-
narios including: photo-induced stress relaxation, creep (Long
et al., 2010c), bending (Long et al., 2009), and local stress relief at
ﬂaws (Long et al., 2010b).
With this theoretical and computational infrastructure in place,
herewe explore the photomechanics that can facilitate shape change
and actuation technologies. For the PNRmaterial and other LAPs, the
design space for applications is determined by several inputs:
 Photo-mechanical properties of the material.
 State of deformation of the ﬁlm prior to irradiation.
 Geometry of the specimen.
 Geometry of the photo pattern.
 Dose of irradiation (time, intensity, etc.) and concomitant mate-
rial evolution.
In this paper, we narrow our focus to a simpler problem of a
thin, circular PNR elastomer ﬁlm that is strained in axisymmetric
tension followed by irradiation in a circular spot. This results in a
non-trivial residual stress state in the ﬁlm, and under certain con-
ditions, the behavior is geometrically nonlinear and the ﬁlm may
buckle out-of-plane upon release of mechanical constraints.
This article is organized as follows. In Section 2, we describe
experiments that demonstrate the photomechanical stress relaxa-
tion and the regime of deformation that occur in a photomechan-
ically-patterned ﬁlm, the most complex scenario being localized
buckling of the ﬁlm triggered by irradiation. In addition, Section 2
also provides a brief summary of a photomechanical constitutive
model. The development of an analytic model in Section 3 involves
three components: (i) the solution to an in-plane inclusion-type
problem is given (Eshelby, 1957; Kinoshita and Mura, 1984) where
the eigenstrain arises from light-activated stress relaxation; (ii) an
elastic instability analysis to determine the critical photo-mechan-
ical and geometric conditions that cause the disk to buckle, and (iii)
analysis of the post-buckling behavior using an approximate Ray-
leigh–Ritz (RR) method. In Section 4, ﬁnite element simulations
with full geometric nonlinearity and buckling are carried out,
and results are presented and discussed in Section 5.
Although the focus of this work is on the photo-induced stress
relaxing PNR material, the results of these efforts can, with proper
interpretation, be used to understand the behavior of other envi-
ronmentally-activated soft materials (Guvendiren et al., 2009;
Hong et al., 2009; Marcombe et al., 2010; Singamaneni et al., 2010).
2. Materials and experiments
2.1. Materials
Sample preparation is similar to previous work by Bowman and
coworkers (Scott et al., 2005, 2006). Pentaerythritol tetra(3-merca-
ptopropionate) (PETMP) was mixed with 2-methylene-propane-
1,3-di(thioethylvinylether) (MDTVE) and ethylene glycol di(3-mer-
captopropionate (EGDMP) in a weight ratio 4:5:1. The PETMP/
MDTVE/EGDMP mixture was formulated with two photoinitiators,
1.0 wt% of both Irgacure 819 and Irgacure 184. This uncured resin
was irradiated with 400–500 nm light at 40 mW cm2 for 10 min,
photolysing the Irgacure 819 and yielding radicals to initiate the
polymerization. Irgacure 184 does not absorb visible light, so it
was not consumed during the photo-polymerization. During
photo-mechanical testing, Irgacure 184 was available to produce
radicals in the cured specimens upon ultraviolet irradiation(365 nm). A high pressure mercury arc lamp (Acticure 4000, Exfo),
ﬁt with bandpass ﬁlters, was used for all irradiations. Intensities
were measured with an International Light IL1400A radiometer.
Specimens were cured as 254 lm thick ﬁlms, and were measured
to be optically thin with a light path traveling through this thick-
ness as occurs in all experiments; see previous work for more
information (Long et al., 2009). Young’s modulus at room temper-
ature was measured as 4.3 MPa via uniaxial extension using an
MTS Insight 2 system with a 5 N full capacity load cell.
The material used in this study undergoes photo-induced stress
relaxation when irradiated with UV light. The mechanism has been
described in previous work (Long et al., 2009). In summary, allyl
sulﬁde functionalities are incorporated in the polymer backbone
during the network synthesis. Upon specimen irradiation, the
residual photoinitiator undergoes homolytic cleavage, yielding
radicals which subsequently attack allyl sulﬁde functionalities
along polymer chains. Subsequent reversible addition-fragmenta-
tion chain transfer via allyl sulﬁde functionalities throughout the
network ensures rearrangement of the network connectivity,
which changes the conformational entropy of the network and re-
sults in macroscopic stress relaxation.
Photo-mechanical characterization tests were performed to
determine the stress relaxation response of the ﬁlm when sub-
jected to a speciﬁc dose of irradiation. Uniaxial strip specimens
were stretched by 10% and then irradiated at 20 mW cm2 at
365 nm wavelength for 10 min, during which the nominal stress
vs. time was recorded. Three identical tests were conducted to con-
ﬁrm repeatability of the stress relaxation response, and representa-
tive results are given in Fig. 1.
2.2. Material constitutive behavior
In our previous work, we modeled the macroscopic photochem-
ically-induced stress relaxation phenomenon by decomposing the
polymer into two networks, the original network, which is stress
free in the initial conﬁguration of the body, and the reformed net-
work, which is stress-free in the conﬁguration in which the body
is irradiated. In addition, we modeled the coupled evolutions of
the photoinitiator concentration, radical concentration, and net-
work volume fractions under different irradiation protocols (Long
et al., 2009, in press). In this paper, we use a constitutive model that
is simpliﬁed from our previous work (Long et al., 2009, in press).
Because, we are interested only in the post-irradiation response of
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at the end of the photo-treatment. Therefore, detailed simulation of
the evolution of photoinitiator concentration, radical concentration,
and network volume fractions can be ignored. The reformed volume
fraction at the end of the photo-irradiation is determined experi-
mentally from the photomechanical characterization experiments
in Fig. 1. Since the reformed network fraction is stress free during
the irradiation and network evolution, the normalized stress
response in the inset of Fig. 1 is also the time evolution of the origi-
nal network volume fraction (f0). At the end of irradiation, f0 = 0.05.
Since the sum of the initial and reformed volume fractions is unity,
the reformed volume fraction (fR) is fR = 0.95. We also assume each
network exhibits neo-Hookean behavior.2.3. Single spot irradiation experiment
For the single spot irradiation experiment, an in-house, dis-
placement controlled testing platform was used, which was com-
posed of four aluminum, rectangular plates (tongues) that were
arranged along two orthogonal axes in the shape of a plus sign
with a 22 mm gap between each parallel set of tongues. Each ton-
gue was 19.1 mm wide. Film specimens were cut to approximately
35  35 mm squares and were ﬁxed with double-sided tape to the
four tongues such that tests began with a 22  22 mm area be-
tween the tongues. Films were equi-biaxially extended to 10%
engineering strain along each axis (Fig. 2A). This deformation
was held while the ﬁlm was irradiated through a circular photo-
mask with a prescribed spot radius of 1 mm for 10 min at
20 mW cm2 and 365 nm light. During this process, stress relaxes
inside the irradiated spot. Fig. 2B shows a depression as a result
of the stress relaxation inside the spot the 1 mm radius exposed re-
gion. Finally, the specimen was removed from the grips, laid upon a
glass slide, and photographed from the side. The thickness of the
glass slide was used to set the length scale, and the ﬁlm surface
proﬁle was measured. Fig. 2C shows the side-view proﬁle of the
tested ﬁlms showing the buckled shape.3. Analysis of a stretched and irradiated circular disk
3.1. A Thin disk subjected to radial expansion and concentric stress
relaxation
The majority of the analysis in the work is presented in non-
dimensional form, so we ﬁrst deﬁne our notation. Dimensional
quantities are represented with a ‘‘’’ overhead while non-Fig. 2. Equi-biaxial experiments: (A) The 22  22 mm ﬁlm geometry between the met
20 mW cm2 at 365 nm with a photo mask that has a 1 mm radius hole at the center,
exposed region. (C) The side-on photograph shows buckling surface proﬁle after the ﬁlmdimensional quantities lack this modiﬁcation. From a theoretical
perspective, the simplest ﬁnite, thin-ﬁlm structure to analyze un-
der equi-biaxial deformation and irradiation/stress-relaxation of
a circular sub-region is a disk. Here, we analyze the behavior of a
thin, PNR disk of radius, ~R, and a thickness, ~h, with ~h=~R 1 and ap-
ply the following photo-mechanical loading to it:
1. The radius of the disk is expanded by a speciﬁed radial displace-
ment ~uð1Þ at ~r ¼ ~R. This deformation is maintained throughout
Step 2.
2. The deformed specimen is irradiated with a concentric spot of
radius ~RI ð0 6 ~RI 6 ~RÞ for a sufﬁcient amount of time such that
the volume fraction of the reformed network, fR, is generated
to a target value (0 6 fR 6 1). During irradiation, the reformed
network is stress free so that only the original network is under
stress during this step.
3. The irradiation ceases, and the specimen is released from the
displacement boundary conditions applied in Step 1.
This protocol is schematically depicted in Fig. 3, and a few addi-
tional comments are needed to describe the problem. The disk is
assumed to have uniform mechanical and chemical properties
and to be in a stress-free state prior to the protocol. In Step 2, in
the limiting case of ~RI ¼ ~R, the stress in the disk is directly propor-
tional to f0, which demonstrates that in this limit, fR represents the
amount of stress relaxation in the disk. However, in cases where
~RI < ~R, the outer-annulus elastically unloads as the stress is relaxed
in the irradiated region, which causes the irradiated region to
creep. Therefore, except for the limiting cases where ~RI ¼ ~R (the en-
tire disk is irradiated) or f0 = 0 (full light-induced stress relaxation),
the stress in irradiated region is not linearly related to f0 as will be
shown latter.
Upon release, the outer non-irradiated annulus of the disk con-
tracts as it elastically unloads, which results in a compressive state
of stress on the inner, irradiated region of the disk. This compres-
sive residual stress state will result in the disk buckling. There
are two speciﬁc goals of the analytic modeling related to the pro-
tocol described earlier:
 Develop an analytic, closed-form solution to the problem
wherein only in-plane deformation is considered.
 Develop an approximate analytic solution to the out-of-plane
buckling scenario that determines which photomechanical
conditions result in buckling as well as how the maximum
out-of-plane deﬂection is affected by photomechanical inputs:
u1, RI, h, f0.al tongues was stretched to 10% equi-biaxially. (B) After irradiation for 10 min at
a depression formed as a result of the stress relaxation inside of the 1 mm radius
was released from the grips and laid down on a glass slide.
Fig. 3. Schematic of the photo-mechanical protocol. In Step 1, the disk of radius, ~R, is extended at its perimeter by a uniform, radial displacement, ~uð1Þ . This deformation is
maintained in Step 2 while a concentric region ~r 6 ~RI 6 ~R is irradiated to relieve fR fraction of the stress in a corresponding uniformly irradiated disk. Then, the lamp is turned
off and the mechanical constraints are released in Step 3, which allows the disk to contract to its ﬁnal shape that may or may not buckle out of plane.
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For the sake of simplicity, only linear-elastic small deformation
scenarios in-plane and geometrically non-linear effects in
modeling the out-of-plane response are considered analytically.
At 10% equi-biaxial strains, linear elasticity over predicts the planar
principal stress by 4.3%; thus linear elasticity remains a reasonable
approximation for the purpose of this work to a ﬁnite deformation,
incompressible neo-Hookean constitutive model under equi-biax-
ial conditions.. The superposition principal is used to develop
photomechanical solutions for each step that are added together
to determine the behavior of the disk throughout the process.3.2. Planar analysis: deformation, irradiation, and release
In general, quantities with length dimensions are non-dimen-
sionalized with respect to the disk radius. Relevant quantities in
this article are the radial displacement ur ¼ ~ur=~R, the radius of
the irradiated spot RI ¼ ~RI=~R, the thickness h ¼ ~h=~R, and the radial
coordinate r ¼ ~r=~R. The stresses are non-dimensionalized with re-
spect to Young’s modulus, such as the radial stress rrr ¼ ~rrr=~E.
Mechanical boundary conditions appear with an over-bar and a
superscript step number during which they are applied. For exam-
ple, the (non-dimensional) radial displacement in Step 1 is repre-
sented as uð1Þ. For completeness, the volume fraction of the
polymer network that is reformed, fR, within the irradiated region,
which is related to the amount of light-induced stress relaxation as
shown in Fig. 1, is inherently non-dimensional.
Steps 1 and 2 are standard planar solid mechanics boundary va-
lue problems provided that the applied displacement, u1, is posi-
tive so that the disk is expanded in a tensile fashion. In this
analysis, we examine axially symmetric, photomechanical behav-
ior in the small strain limit ð~uð1Þ  ~RÞ . Moreover, because we re-
quire that ~h=~R 1, we assume that Steps 1 and 2 occur under
plane stress conditions. Given these assumptions, we may seek
an Airy’s stress function solution to the in-plane problems from
the 2D theory of linear elasticity.3.2.1. Step1. Initial mechanical loading
In Step 1, the radial expansion of the disk by the edge
displacement, uð1Þ at r = 1, generates an in-plane uniform pressure
throughout the disk. The non-zero displacements, strains, and
stresses are:
ur ¼ uð1Þr; ð1aÞ
err ¼ uð1Þ; ehh ¼ uð1Þ; ð1bÞ
rrr ¼
uð1Þ
ð1 mÞ ; rhh ¼
uð1Þ
ð1 mÞ : ð1cÞ3.2.2. Step 2. Irradiation under mechanical constraint
In Step 2, the applied boundary conditions in Step 1 are main-
tained while irradiation locally relieves stress in the disk for
r 6 RI 6 1 (region I). In the case of ﬁnite deformation, irradiation
causes the reformed network fraction to be stress-free in the irra-
diated conﬁguration of the body (Long et al., 2009). Therefore, we
assume that only the original network carries the stress and in Step
2, the stress state in Eq. (1c) is rescaled inside the irradiated spot of
r 6 RI 6 1 by the original network volume fraction, f0. Because the
outer annulus (region II) is not irradiated, the irradiated region
undergoes photo-induced creep as the outer annulus elastically
unloads. In a linear elastic setting, this process occurs via an expan-
sion of the outer edge of the irradiated region, r = RI, by a (non-
dimensional) radial displacement, uð2Þ, which also elastically
unloads the non-irradiated outer annulus. For the outer annulus,
its outer radius is ﬁxed by the applied boundary condition at
r = 1 from Step 1. Thus, Step 2 is modeled by solving simulta-
neously two boundary value problems in the regions r 6 RI and
RI 6 r 6 1 for a common displacement uð2Þ at r = RI such that the ra-
dial stress, rrr jr¼RI is continuous across the irradiated boundary.
The total displacement, strain, and stress are found by superimpos-
ing these solutions in Step 2 with the corresponding solutions from
Step 1. In the irradiated region, the displacement, strain, and stress
ﬁelds are found by superimposing a second hydrostatic pressure
that produces uð2Þ at r = RI. For r 6 RI, these ﬁelds are,
ur ¼ r uð1Þ þ
uð2Þ
RI
 
; ð2aÞ
err ¼ uð1Þ þ
uð2Þ
RI
 
; ehh ¼ err; ð2bÞ
rrr ¼ ð1 fRÞð1 mÞ err; rhh ¼ rrr : ð2cÞ
Note in Eq. (2c), only the original network volume fraction
(f0 = 1  fR) carries the stress because the reformed network volume
fraction (fR) is stress free after the irradiation. Therefore, photo-
induced stress relief produces inelastic deformation in region I asso-
ciated with fR. While Eqs. (2a) and (2b) represent the total displace-
ment and strain components, they are not equal to the
corresponding elastic displacements and strains, which must be
derived from the stress in Eq. (2c) and Hooke’s Law in plane stress.
The elastic displacements and strains are,
uelr ¼ ð1 fRÞur ; ð2dÞ
eelrr ¼ ð1 fRÞerr; eelhh ¼ ð1 fRÞehh; ð2eÞ
Without irradiation, fR = 0, the quantities in Eqs. (2a)–(2e)) are
identical. If the stress is fully relaxed, fR? 1, then the elastic strains
and displacements are zero after irradiation process. The elastic
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the residual strain-energy calculation in the disk associated with
the Rayleigh–Ritz approach.
Solving the mechanical boundary value problem in the outer
annulus (region II) during Step 2 involves two radial displacement
boundary conditions, motion of the inner radius by uð2Þ at r = RI and
ur = 0 at the outer boundary, r = 1. The displacement, strain, and
stress ﬁelds in the outer annulus RI 6 r 6 1 are (by superposition
with Step 1):
ur ¼ ruð1Þ þ 1r  r
 
RIuð2Þ
1 R2I
 !
; ð3aÞ
err ¼ uð1Þ  1r2 þ 1
 
RIuð2Þ
1 R2I
 !
;
ehh ¼ uð1Þ þ 1r2  1
 
RIuð2Þ
1 R2I
 !
; ð3bÞ
rrr ¼
uð1Þ
ð1 mÞ 
1
1 mþ
1
ð1þ mÞr2
 
RIuð2Þ
1 R2I
 !
;
rhh ¼
uð1Þ
ð1 mÞ 
1
1 m
1
ð1þ mÞr2
 
RIuð2Þ
1 R2I
 !
: ð3cÞ
Requiring that rrr is continuous determines uð2Þ at r = RI,
uð2Þ ¼ uð1ÞfR ð1 fRÞRI þ
RI
1 R2I
1 m
1þ m
 
1
R2I
þ 1
 !" #1
: ð4Þ
It is worthwhile to discuss how uð2Þ scales with RI and fR. First, uð2Þ
has the same sign as uð1Þ. In the limit of negligible irradiation,
fR = 0, so uð2Þ ¼ 0. In contrast, if irradiation fully relaxes the stress
state (fR? 1), then for a given RI and m; uð2Þ takes on its maximum
value. Moreover, in the limit that RI ! 1, the denominator in Eq. (4)
grows in an unbounded fashion, so again, uð2Þ limits to zero, and uð2Þ
also goes to zero in the limit that RI? 0. Between these two limits,
uð2Þ takes on its maximum value for a given fR and m. Furthermore, as
will be made clear in Section 5, there is a critical irradiation radius,
RI , (for a given reformed network fraction, fR), above which the ra-
dial displacement evaluated at r = RI is greater than the applied dis-
placement at the perimeter of the disk, uð1Þ, as determined by,
RI ¼
2
fRð1þ mÞ  1: ð5Þ3.2.3. Step 3. Unloading
In Step 3, the irradiation is ceased, and the outer edge boundary
condition from Step 1 is released, which allows the disk to contract.
First, we consider in-plane deformation only, which requires that
the total radial stress is zero at the outer boundary of the disk,
rrr = 0 at r = 1. This condition is accomplished by superimposing
on the solutions to Steps 1 and 2 an additional planar pressure
on the whole disk. Inside the irradiated region, r 6 RI,
ur ¼ r uð1Þ þ
uð2Þ
RI
þ uð3Þ
 
; ð6aÞ
err ¼ uð1Þ þ
uð2Þ
RI
þ uð3Þ
 
; ehh ¼ err ; ð6bÞ
rrr ¼ 1ð1 mÞ 1 fRð Þ u
ð1Þ þ u
ð2Þ
RI
 
þ u3
 
; rhh ¼ rrr: ð6cÞ
As before, the elastic strains and displacements are different from
Eqs. (6a) and (6b), and as calculated from the stress in Eq. (6c)
and Hooke’s law in plane stress, they are,uelr ¼ r 1 fRÞðuð1Þ þ
uð2Þ
RI
 
þ uð3Þ
 
; ð6dÞ
eelrr ¼ ð1 fRÞ uð1Þ þ
uð2Þ
RI
 
þ uð3Þ; eelhh ¼ eelrr ð6eÞ
For the outer annulus, RI 6 r < 1:
ur ¼ r uð1Þ þ uð3Þ
 þ 1
r
 r
 
RIuð2Þ
1 R2I
 !
; ð7aÞ
err ¼ uð1Þ  1r2 þ 1
 
RIuð2Þ
1 R2I
 !
þ uð3Þ;
ehh ¼ uð1Þ þ 1r2  1
 
RIu2
1 R2I
 !
þ uð3Þ; ð7bÞ
rrr ¼ 1ð1 mÞ u
ð1Þ þ uð3Þ  1þ ð1 mÞð1þ mÞ 1r2
 
RIuð2Þ
1 R2I
 !" #
;
rhh ¼ 1ð1 mÞ u
ð1Þ þ uð3Þ  1 ð1 mÞð1þ mÞ 1r2
 
RIuð2Þ
1 R2I
 !" #
: ð7cÞ
Requiring that rrr = 0 at r = 1 determines the displacement of the
outer edge in Step 3,
uð3Þ ¼ uð1Þ 2f RR
2
I
fR R
2
I  1
 	
ð1þ mÞ þ 2
 1
2
4
3
5: ð8Þ
Again, it is useful to discuss some of the limiting behaviors of uð3Þ. In
the limit of negligible irradiation, fR = 0, uð2Þ ¼ 0, and therefore,
uð3Þ ! uð1Þ as expected. Also, in the limit RI ! 0;1; uð3Þ ! uð1Þ be-
cause uð2Þ ! 0. These limits demonstrate, at least at the extremes,
that uð3Þ and uð1Þ have opposite signs. Finally, it is useful to express
the ﬁnal radial and tangential stress states in terms of the input
parameters to the protocol. For r 6 RI,
rrr ¼ 
fR 1 R2I
 	
uð1Þ
2 fR 1 R2I
 	
ð1þ mÞ
; rhh ¼ rrr: ð9aÞ
For RI 6 r < 1,
rrr ¼ 
fR 1 r2
 
uð1Þ
r2 2 fR 1 R2I
 	
ð1þ mÞ
 	 ;
rhh ¼
fR 1þ r2
 
uð1Þ
r2 2 fR 1 R2I
 	
ð1þ mÞ
 	 : ð9bÞ3.3. Critical buckling conditions
At the end of the in-plane photomechanical protocol, the struc-
ture may buckle because the residual radial stress ﬁeld, Eqs. (9a)
and (9b), is everywhere compressive for any dose of irradiation
and applied deformation, which occurs when 0 6 RI 6 1; 0 6
fR 6 1; uð1Þ > 0. Our objective in this section is to investigate the
critical photomechanical conditions that trigger a buckling re-
sponse. Given our restrictions to the theory of linear elasticity
and that h ¼ ~h=~R 1, we ﬁrst examine the onset of buckling in
the limit of linear (Kirchoff) plate theory. Speciﬁcally, we make
the following standard assumptions in addition to those previously
mentioned:
 The deﬂection, w ¼ ~w=~R, is axially symmetric and |w| < h.
 The deﬂection slope is everywhere small compared to unity.
 Kirchhoff’s hypothesis is valid that cross-sections normal to the
neutral axis remain normal during deﬂection such that trans-
verse shear is neglected.
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of the irradiated region only, 0 6 r 6 RI, and thus we neglect the
added resistance to buckling of the outer annulus. Two observa-
tions motivate this latter approximation. First, the largest magni-
tude radial compressive stress state occurs within the irradiated
region and is constant according to Eq. (6c). Outside the irradiated
region, the compressive radial stress state goes from the maximum
value at r = RI to zero scaling with r-2 according to Eq. (9b). Conse-
quently, the driving force for buckling behavior is smaller in the
outer annulus. Second, the plate theory solution to buckling of an
annulus supporting uniform in-plane edge loading is considerably
stiffer than analogous buckling of a comparable disk under com-
pressive loads (Dean, 1924; Timoshenko and Gere, Reprinted
2009). Moreover, the axially-symmetric buckling mode of the out-
er annulus, which is the stiffest buckling mode of this structure
(Dean, 1924), is stabilized by the positive tangential stress in the
annulus according to Eq. (9b) under linear kinematics, which we
consider analytically.
The critical photomechanical buckling conditions are found by
equating the residual radial stress in Eq. (6c) to the critical buckling
stress of the irradiated region, 0 6 r 6 RI, in accordance with the
above state assumptions. The critical stress is found by assuming
that the irradiated region buckles slightly under the action of a uni-
form, in-plane compressive stress state, and then the magnitude of
this stress state is determined to maintain the slightly buckled
shape (Timoshenko and Gere, Reprinted 2009). The solution of a
thin disk buckling under uniform in-plane stresses is succinctly
developed in the previous reference and is brieﬂy reproduced in
the appendix as it relates to the problem considered here, which
gives the critical (radial) stress of the irradiated spot as,
rcritrr ¼
k2D
hR2I
¼ k
2h2
12 1 m2ð ÞR2I
; ð10Þ
where the constant, k, is dependent on the boundary condition as-
sumed at the edge of the irradiated spot and m = 0.5. Both clamped
and pinned boundary conditions are considered though the pinned
conditions are expected to more reasonably compare to experi-
ments. For the pinned and clamped conditions, the constants are
kpin  2.166 and kclamped  3.832.
Equating the negative value of the critical stress in Eq. (10) to
the constant residual radial stress ﬁeld from Eq. (6c), one can solve
immediately for the critical reformed network fraction at and
above which the disk will buckle upon release,
f crit linearR ¼
2k2h2
1 R2I
 	
12R2I uð1Þð1 mÞ þ k2h2Þð1þ m
 	 : ð11Þ
It is straightforward to determine the critical buckling conditions in
terms of other parameters such as RI, u1, h instead of fR. Such condi-
tions are effectively rearrangements of Eq. (11) and thus are not
reported.
3.4. Out-of-plane deformation: post-buckling analysis
The buckling analysis from linear plate theory determines pho-
tomechanical conditions under which the irradiated region will de-
form out of plane upon release of the disk. To analyze the post-
buckling behavior of the disk, the effects of ﬁnite deﬂections and
rotations must be addressed. We continue to examine deforma-
tions and constitutive behaviors within the realm of linear elastic-
ity with h 1, and thus we seek a solution to the out-of-plane
deﬂection of the disk consistent with the large deﬂection (Von Kar-
men) plate theory. Speciﬁcally, we make the following standard
assumptions in addition to those previously mentioned (Timo-
shenko and Woinowsky-Krieger, 1959): The deﬂection magnitude, w(r), is axially symmetric and of
order h.
 The deﬂection slope remains everywhere small compared to
unity.
 The strain displacement relationship now includes the in-plane
linear terms from the planar Steps 1–3, a term associated with
additional in-plane deformation that accompanies the plate
bending, and a geometrically nonlinear contribution from w,r
Under these assumptions, the strain-displacement relationships
are,
err ¼ eelrr þ ur4;r þ
1
2
ðw;rÞ2  zw;rr;
ehh ¼ eelhh þ
ur4
r
 zw;r
r
; erh ¼ 0: ð12Þ
Here, z ¼ ~z=~h is the non-dimensional transverse coordinate from the
mid-plane of the plate. eelrr and eelhh represent the in-plane elastic
strains from the boundary value problems in Step 3: outside the
irradiated spot, (RI 6 r 6 1), the deformation is purely elastic, and
therefore eelrr and eelhh are given by Eq. (7b); inside the irradiated spot,
the elastic strains are calculated from Eq. (6d). Furthermore, ur4 is
the displacement ﬁeld associated with any additional membrane
straining that accommodates the plate bending response.
Rather than attempting to solve the large deﬂection plate equa-
tions directly, we seek an approximate solution that is based on the
principal of stationary potential energy. Speciﬁcally, we pursue a
RR approach in which we assume approximate displacement and
deﬂection ﬁelds over the whole disk that are parameterized with
unknown parameters determined through the minimization of
the total non-dimensional elastic strain energy in the system,
which, for a moderately deformed, axially symmetric plate, Utotal,
is,
Utotal ¼
~Utotal
~Ep~R2~h
¼ 1
1 m2
Z 1
0
Z 1=2
1=2
e2rr þ e2hh þ 2merrehh
 
r dzdr: ð13Þ
To obtain an approximate solution via the RR method, we use dis-
placement and deﬂection ﬁelds that are similar to corresponding
ﬁelds obtained from ﬁnite element calculations. These ﬁelds must
satisfy displacement, stress continuity, and axial symmetry bound-
ary conditions at the center of the disk, but they may not necessar-
ily satisfy the traction-free boundary conditions at the disk
perimeter. Speciﬁcally, we require that w,r = 0, ur4 = 0 at r = 0. We
assume the following displacement and transverse deﬂection ﬁelds
consistent with these boundary conditions,
ur4 ¼ r2
 
1 r
RI
 
a1 þ a2ðr2Þ þ 	 	 	
 
; ð14aÞ
w ¼ b1r2 þ b2r3 þ 	 	 	 ð14bÞ
Here, {a1, a2, . . . , b1, b2, . . .} are dimensionless parameters to be
determined by the requirement that the total residual strain energy
is at a minimum in the equilibrium state.
We examine the simplest forms of Eqs. (14a) and (14b) by using
only the ﬁrst term in each equation. Upon substitution of Eq. (14)
into (12), the total energy in Eq. (13) is calculated. Next, the total
energy is minimized by ﬁrst solving @Utotal ½a1 ;b1 

@a1
¼ 0 for a1, which re-
sults in an energy parameterized only by b1. Then, the deﬂected
amplitude, b1, is found by solving
dUtotal ½b1 

db1
¼ 0 for b1.
Three solutions emerge for b1 representing zero deﬂection and
identical deﬂections upward and downward respectively of the
disk. While the zero deﬂection case is always present, the out of
plane deﬂection amplitudes are real numbers only for certain val-
ues of RI, h, fR, and uð1Þ; otherwise, they are imaginary, which indi-
cates that the plate remains planar for these inputs under this
approximation. For all cases that we have examined numerically,
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strain energy of the system is lower in the buckled case than in
the planar case as expected, and thus we conclude that the plate
buckles; otherwise, it does not. The deﬂection amplitude (non-
dimensionalized with respect to ~R) for this approximation is,
b1 ¼ R
ﬃﬃﬃ
5
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3f R 1R2Ið Þu1
2fR 1R2Ið Þð1þmÞ 
h2
1m
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
503ð4029RIÞRIþ12mR2I 2ð56RIÞ
2m2ð Þ
100168RIþ75R2I þ60ð1RIÞ
2mð Þ 1m2ð Þ
r : ð15Þ
From the post-buckling behavior in Eq. (15), one can derive the
critical buckling conditions by ﬁnding the loci of points such that
b1 = 0. It is simple to demonstrate that for the relevant domain of
0 6 RI 6 1 and 1 < m 6 0.5, the denominator of Eq. (15) will not di-
verge, nor will it be imaginary. Thus, the problem reduces to ﬁnd-
ing the conditions in which the quantity beneath the radical in the
numerator is zero. With some algebra, one arrives at the critical
original network volume fraction above which buckling occurs,
which is analogous to Eq. (11),
f critR Ritz ¼
2h2
1 R2I
 	
3R2I uð1Þ þ h2ð1þ mÞ
 	 : ð16Þ4. Finite element simulations
We carry out ﬁnite simulations of the photomechanical behav-
ior because these provide the most realistic description of the ac-
tual physical phenomena and are useful to assess the validity of
the idealized linear elastic solution and approximate post-buckling
solutions that we developed. In addition, we use ﬁnite element
simulations to model the actual experimental geometry which is
not axisymmetric as our analytical efforts are. The commercial
code, ABAQUS, equipped with an in-house developed User Material
Subroutine (UMAT) is used to simulate the photo-mechanical
behavior of the PNR material. Details on how the constitutive mod-
el is implemented are discussed elsewhere (Long et al., 2009, in
press).
Two types of boundary value problems are considered; the ﬁrst
models the experimental geometry and boundary conditions. Only
the 22  22 mm region within the four grip edges is modeled with
a thickness of 254 lm, and given the fourfold symmetry of the
experimental setup and buckled ﬁlms (see Fig. 2), a quarter sym-
metry model is considered. The taped regions in the experiment
are represented as applied displacements at the ﬁlm edges, such
that along each 22 mm edge, 19.1 mm of that length involves an
applied displacement. A uniform mesh of 24,200 three-dimen-
sional, tri-linear isoparametric solid elements (C3D8R) with re-
duced integration and enhanced hourglass control (Dassault
Systèmes, 2007) is used with eight elements through the thickness,
which results in an approximate element aspect ratio of 6.3. Plate
bending behavior of this mesh was veriﬁed against linear plate the-
ory. During the release step, the out-of-plane deformation must be
‘‘triggered’’ with a small disturbance. These loads are removed be-
fore the end of the analysis (Ziebart et al., 1999), and several pres-
sure ﬁelds (six orders smaller than the shear modulus) of different
spatial variation were tried to make sure that the triggering did not
inﬂuence the resultant ﬁlm shape.
The second ﬁnite element model considers the response of a
thin disk of PNR material which is uniformly extended along its ra-
dius, held and irradiated with a concentric spot, and then released.
This structure is directly comparable to the analytic theories dis-
cussed in Section 4. One quarter of the disk by symmetry is mod-
eled with a mesh of 100 uniformly space elements along the
radius and 12 elements spanning the angular coordinate. EnhancedHourglass Control mitigates the hour glass modes (Dassault Systè-
mes, 2007). Symmetry boundary conditions are enforced along the
vertical and horizontal axes, which involve rotational constraints,
and the perimeter of the disk is pinned to remove the out-of plane
rigid body mode. The state of plane stress was achieved following
the procedure developed by Klinkel and Govindjee (2002). The
shell element simulations additionally require that the out-
of-plane deformation be triggered in the same manner as the 3D
brick element simulations. The bending behavior of this mesh
was also veriﬁed against linear plate theory to ensure that no arti-
ﬁcial stiffness is present.
Above 10% biaxial strain, both ﬁnite element models begin to
exhibit localized buckling at the ﬁlm perimeter particularly for lar-
ger irradiated radii and doses of stress relaxation. This behavior at
the ﬁlm perimeter is consistent with results from a similar prob-
lem, the swelling behavior of gel annuli constrained by a rigid core
(Liu et al., 2010). Liu and co-workers report that for a ﬁxed ﬁlm
thickness, swelling stimulus, and annulus-outer radius, tangential
buckling behavior onsets and increases in buckling mode fre-
quency as the inner radius is increased towards the outer radius.
However, the experiments results showed axially symmetric buck-
ling only, perhaps because the polymer ﬁlm adheres to the glass
ﬁlm on which it rests.5. Results and discussion
In the following, we ﬁrst present experimental and ﬁnite ele-
ment results to identify and demonstrate the deformation regimes
that occur during photo-induced stress relaxation, culminating in
buckling and post-buckling. Then, we explore the system parame-
ters of the disk geometry with our analytical model and compare
results with ﬁnite element simulations.5.1. Experimental and ﬁnite element simulation results
There are three aspects of the photomechanical deformation
response that we can compare between our experiments and simu-
lations. First, after stretching,whenwe irradiate the circular spot the
stress relaxes in the spot and the stress redistribution results in the
development of an impression in the material (Fig. 1). We were not
able to measure the depth of the impression of the ﬁlm in the
extended state, but our simulations predict a fairly ﬂat depressed
proﬁle within the irradiated zone which changes abruptly near the
zone boundary. The simulation predicts a depression depth of
39 lm relative to the non-irradiated zone, which is consistent with
the observed deformation in Fig. 2B. Additionally, the simulation
predicts that as the sample is irradiated, material moves out of the
circular region deﬁned by the spatially-ﬁxed photomask, resulting
in a ﬁnal impression of diameter 2.4 mm, which is in good agree-
ment with the experimental result of 2.4 mm measured from
Fig. 2B. Finally, afterwe cease irradiation and release themechanical
constraints, both simulation and experiments show that the mate-
rial in the circular depression buckles out of the ﬁlm plane due to
the development of compressive stresses. Measured and simulated
post-buckled displacement proﬁles are shown in Fig. 4.
Overall the simulation captures the displacement proﬁle ob-
served in the experiment. In particular, both the experiment and
the simulation show two inﬂection points in the buckling proﬁle,
as marked in the ﬁgure. It is also clear that the simulation under-
predicts the displacement proﬁle: the simulation predicts a peak
deﬂection of 1.25 mm whist experiment shows the peak deﬂec-
tion of 1.8 mm. On the other hand, the simulation does capture
the key features of the buckling shape. For example, both the
experiment and the simulation show two inﬂection points: from
the experiment, these two points are at 2 mm and 7 mm from
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Fig. 4. Post-release, buckled ﬁlm proﬁles: measured (red) and simulated (black).
Conditions for both experiment and simulation are: 10% equi-biaxial strain, 95%
stress relaxation (fR = 0.95) within a spot radius of 1 mm, ﬁlm thick-
ness = 0.254 mm. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
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2.2 m from the center. The reason for the discrepancy between
the experiment and the simulation is not clear. We conjecture
two uncertainties in the experiment that contribute to the overall
disagreement: First, the actual region of stress relaxation could be
larger than the irradiated region due the in-plane diffusion of rad-
icals. In PNR material, photo initiator breaks into radicals when
irradiated by light, whose region is deﬁned by the photo mask.
However, radicals, which trigger chemical reactions that lead to
stress relaxation, can extend beyond the region deﬁned by the
photo mask. Second, UV light could also be reﬂected from the sur-
face the testing platform to the back of the sample, which could
cause a larger stress relaxation region. The effects of these error
sources are currently under investigation. Nonetheless, our simula-
tion conﬁrms the major deformation phenomena observed in the
photomechanical experiments: development of an impression, an
increase in the depression diameter beyond the mask size, and
then buckling of the inner spot during release.Fig. 5. In-plane analysis of the radial displacement ﬁeld after the deformation, irradiation
RI = 0.25, 0.5, 0.75, are shown in each case. Simulation results (symbols) are plotted aga
h = 0.02.5.2. In-plane behavior
The experiments and the simulation demonstrate that photo-
induced buckling occurs under biaxial photo-mechanical condi-
tions. Now, we investigate the behavior of our idealized photo-
mechanically activated disk from Section 3. The in-plane analysis
of the photo-mechanical protocol is analyzed ﬁrst, which alone
may be useful to determine how to produce planar depressions
as shown in Fig. 2B. From Eqs. 1a, 2a, 3a, 6a, and 7a, the radial dis-
placement ﬁeld normalized to the applied deformation uð1Þ, is pre-
sented in Fig. 5A and B for fR = 0.5 (a) and fR = 1 (b) within the
irradiated region. Here three sets of curves are shown for the
non-dimensional irradiated spot radii of RI = {0.25, 0.5, 0.75}, and
corresponding the simulation results are shown for the ﬁrst case
only of RI = 0.25 in an effort to prevent excessive clutter of the ﬁg-
ure. For all in-plane results tested, the simulations agree very well
with the linear elasticity solution. Additionally, it should be noted
from the in-plane displacement equations that the thickness, ~h,
and Young’s modulus, ~E, do not enter. However, Poisson’s ratio is
important and is set to m = 0.5 to idealize the PNR system as incom-
pressible for all subsequent results.
For the case of fR = 0.5 (Fig. 5A), all curves initially exhibit iden-
tical linear radial deformations (dotted curve) as expected from Eq.
(1a). Upon irradiation and stress relaxation (dashed curves), the in-
ner irradiated region creeps outward as the outer-annulus elasti-
cally unloads. The irradiated region, r 6 RI, maintains a linear
radial displacement ﬁeld that is greater than the pre-irradiated dis-
placement ﬁeld in all cases. The radial strain (slope of the radial
displacement ﬁeld) in the irradiated region grows as RI? 0 as
demonstrated with RI = 1/4, 1/2, and 3/4 for fR = 0.5. This trend is
simple to prove by maximizing the radial strain, Eq. (2b), against
RI, using uð2Þ from Eq. (4). This result occurs because maintaining
radial stress continuity at r = RI requires more strain in the irradi-
ated region as it become smaller and consequently less stiff com-
pared with the outer annulus. It is also worth noting that upon
an in-plane release, all three solid curves show positive residual ra-
dial displacement, which is characteristic of the irreversible effects
of photo-induced stress relaxation.
If the irradiated region is fully relaxed, (Fig. 5B), the radial dis-
placement ﬁeld is more complicated. The same trend is observed
that as RI diminishes, the radial strain increases in the irradiated
region, but more interestingly, the three solutions in Fig. 5B indi-
cate that there is a critical spot radius, RI, above which the, and in-plane release steps for (A) fR = 0.5 and (B) fR = 1. Three irradiated spot radii,
inst the RI = 0.25 analytical calculations. Simulations are performed for m = 0.5 and
K.N. Long et al. / International Journal of Solids and Structures 48 (2011) 2089–2101 2097maximum radial displacement occurs at the irradiated boundary
r = RI rather than at the perimeter of the disk where the maximum
deformation has been applied during Step 1. According to Eq. (6b),
this boundary occurs at RI = 1/3 for fR = 1; above and below this
cutoff, the maximum radial displacement occurs at r = RI and
r = 1, respectively. This conclusion is consistent with the results
presented in Fig. 5B. In contrast, for fR = 0.5 in Fig. 5A, Eq. (6b) indi-
cates that this boundary occurs for RI = 1, and thus regardless of the
irradiated spot radius, the deformation in that case is at its maxi-
mum at the disk perimeter.
In Fig. 6A and B, the radial stress results from Eqs. (1c), (2c), (3c),
(9a) and (9b), and are normalized by the (uniform) stress devel-
oped during the deformation step, Eq. (1c), for fR = 0.5 (a) and
fR = 1 (b) stress relaxations within the irradiated region. Again,
three sets of curves are shown for the non-dimensional irradiated
spot radii of RI = {0.25, 0.5, 0.75}, and corresponding the simulation
results are shown for the ﬁrst case only of RI = 0.25. Under identical
conditions, the tangential stress normalized to the stressFig. 6. Radial stress ﬁeld after the deformation, irradiation, and in-plane release steps for
the end of the deformation Step 1. Three irradiated spot radii, RI = 0.25, 0.5, 0.75, are sh
analytical calculations. Simulations are performed for m = 0.5 and h = 0.02.
Fig. 7. Tangential stress ﬁeld after the deformation, irradiation, and in-plane release ste
developed at the end of the deformation Step 1. Three irradiated spot radii, RI = 0.25, 0.5, 0
RI = 0.25 analytical calculations. Simulations are performed for m = 0.5 and h = 0.02.developed from the deformation step, Eq. (1c), is presented in
Fig. 7A and B.
At fR = 0.5 in Fig. 6A, the stress state diminishes as RI increases
during Step 2. This occurs both because more material is irradiated
and consequently relieved of stress and because the outer annulus
more readily elastically unloads as it becomes smaller compared to
the irradiated region. Upon in-plane release, a larger RI exhibits a
more uniform, lower magnitude compressive radial stress state
than the case wherein RI is small. Such results are important in
the determining the buckling criteria and post-buckled shape of
the disk as discussed in the next section. Qualitatively similar re-
sults inside the irradiation region are observed for the correspond-
ing tangential stress in Fig. 7A. That is, smaller irradiated spot radii
produce less relaxation during the irradiation step, but then upon
in-plane release, the tangential stress is most compressive within
the irradiated spot. In contrast to the radial stress ﬁeld, which is
everywhere compressive upon release for any irradiation, see
Eqs. (9a) and (9b), the tangential stress jumps discontinuously(a) fR = 0.5 and (b) fR = 1. The stresses are normalized to the radial stress developed at
own in each case. The simulation results (symbols) are plotted against the RI = 0.25
ps for (A) fR = 0.5 and (B) fR = 1. The stresses are normalized to the tangential stress
.75, are shown in each case. The simulation results (symbols) are plotted against the
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outer annulus. The size of this jump increases as RI decreases
and/or fR increases. At this jump, the elasticity solution and the
simulation results show the largest disagreement for each case in
Fig. 7A and B, but aside from within the immediate vicinity of RI,
the solutions agree very well.
In the case of full relaxation, fR = 1, of the irradiated region (Figs.
Fig. 6A and Fig. 7B), the irradiated region cannot carry any stress at
the endof the irradiationStep2. Consequently, for all three spot radii
shown, both the radial and tangential stresses are zero here. Again,
larger RI allow the outer-annulus to elastically unload further, and
so that upon in-plane release, the residual (compressive) radial
stress state is smaller and more uniform for larger RI. Similar argu-
ments explain that the magnitude of the jump in tangential stress
must increase as RI diminishes as observed very clearly in Fig. 7B.
5.3. Buckling and post-buckling behavior
Fig. 8A and B shows the simulation results of (axially symmet-
ric) deﬂected shapes and curvatures of several disks with different
irradiated spot sizes (RI). These simulations involve the following
common parameters: uð1Þ ¼ 0:01; h ¼ 0:02; f R ¼ 1; m ¼ 0:5, and
E = 1 MPa. Results are plotted against the non-dimensional, unde-
formed radial coordinate so that the values of RI can be easily
identiﬁed.
In Fig. 8A, disks irradiated with RI = 0.0 and 0.9 remain planar
while the remaining structures buckle. It appears that there are
two regimes of the buckled shape of the disk determined by the
non-dimensional spot radius. For smaller spot radii, the buckled
ﬁlm proﬁle is localized around the spot, but at larger spot radii,
the buckled shape extends over the whole ﬁlm. It is interesting
to note that in all cases where buckling is observed, the disk is con-
cave down for r well below RI and transitions to positive concavity
just before and above RI. On inspection of the numerically derived
curvature in Fig. 8B, it clear that the (buckled) deﬂection proﬁles
belong to a common family of curves with two inﬂection points
with the exception of RI = 0.1. In Fig. 8B, the curvature is calculated
using the standard deﬁnition of the curvature of a plane curve
j½r
 ¼ w;rr 1þw2;r
 	3=2
. For cases where RI is small compared to
unity, the disk curvature is severely negative for r < RI, but the cur-
vature rapidly transitions to a positive value just before r = RI and
approximately achieves a maximum there. In all cases for r > RI,Fig. 8. (A) Normalized out-of-plane deﬂections, w as a function of the normalized (unde
different irradiation spot radii RI. (B) The numerically developed curvature of the cu
uð1Þ ¼ 0:01; f R ¼ 0:5, and m = 0.5.the curvature gradually trends towards zero. As RI is increased,
the magnitude of the curvatures above and below RI diminish,
but a positive maximum in the curvature is observed in all cases
above r = RI.
The post-buckled disk shapes shown in Fig. 8Amotivate our elas-
tic instability analysis thatuses pinnedboundary conditions at r = RI.
Indeed, for a given deﬂection proﬁle, the greatest magnitude slope
occurs at the (inﬂection) point where the curvature is zero in
Fig. 8B, which is just ahead of the irradiated spot radius, RI. Except
at the origin, the slope is never zero, so the clamped boundary con-
dition should produce artiﬁcially stiff buckling criteria.
In addition, the simulation post-buckled deﬂections in Fig. 8A
and B suggest that the single parameter parabolic deﬂection func-
tion, Eq. (14b), will not describe details of the deﬂected shape since
its maximum curvature occurs at the origin and decreases mono-
tonically without changing sign between 0 6 r 6 1. Hence, we ex-
pect the Ritz approach with this simple approximate deﬂection
proﬁle to perform best for large RI where the simulation predicts
that the curvature is negative over the majority of the domain.
The critical buckling conditions are now presented. The design
space for single spot buckling involves four non-dimensional quan-
tities: uð1Þ; f R; RI , and h. We ﬁrst present the results over two de-
sign parameters: RI, and fR. We use uð1Þ ¼ 0:01 and h = 0.02 and
show the regions wherein simulation (symbols), the linear plate
theory elastic instability analysis (dashed and dash-dotted lines),
and the single parameter RR method (black line) predict buckling
in Fig. 9.
In Fig. 9, the disk buckles for combinations of (RI, fR) above each
curve and for ‘‘o’’ symbols that demark the simulation results.
Overall, the linear theory with a pinned boundary condition as well
as the RR approximation agreewith the simulation resultswhile the
linear theory clamped boundary condition prediction is everywhere
too stiff as expected. As RI approaches unity, the linear theorywith a
pinned boundary condition predicts buckling in a narrow region of
the domain that the simulation indicates should not buckle.
Therefore, comparedwith the simulation results, the RR approxima-
tion provides the best conservative buckling analysis.
One can make several useful observations from Fig. 9 and sub-
sequent ﬁgures to guide experimental and design efforts. First, the
buckled disk requires the least amount of stress relaxation for irra-
diation radii in the range of 0.5 < RI < 0.7. However, as the
irradiation radius approaches either extreme (RI? 0, 1), the diskformed) radial coordinate, r, for different irradiated spot radii, RI. The legend labels
rves in (A). Simulations are performed with the following parameters: h = 0.02,
Fig. 9. Predictions of buckling behavior for uð1Þ ¼ 0:01 and h = 0.02. The simulation
results (symbols) indicate that the structure buckles (O) or remains planar (X). For
the Rayleigh–Ritz (RR) method (solid line) and the linear plate theories with
clamped (LTC) (dash-dotted line) and pinned (LTP) boundary conditions (dashed
line), buckling occurs for all values at and above the curve of interest.
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relaxation. These results are also evident in Fig. 8A where theFig. 10. Center-to-edge deﬂection contours for three regions of the phase space: (A), the
uð1Þ ¼ 0:01 and h = 0.02; (B) the non-dimensional thickness, h, against the irradiation ra
against the spot irradiation radius for fR = 1.0 and h = 0.02. All deﬂection contours are nor
used to represent the domains for the simulation and Rayleigh–Ritz (RR) calculations, rmaximum out of plane deﬂection occurs for RI = 0.5, 0.6, and no
buckling is observed in either limit RI? 0, 1. Second, the critical
buckling conditions are not symmetric about RI = 0.5 so that
buckling requires considerably less stress relaxation for RI > 0.5
compared to points symmetrically located below RI = 0.5. This
asymmetry about RI = 0.5 arises from the inﬂuence of the
non-dimensional thickness, h. At small values of RI, the non-
dimensional thickness and spot irradiation radius are similar in
length, such that the irradiated region no longer buckles as a thin
ﬁlm. In Fig. 9, h = 0.02, and therefore when RI < 0.2, their length
ratio is within an order of magnitude (RI/h 6 10). To demonstrate
this effect in Fig. 9, consider that no amount of stress relaxation
produces buckling for RI = 0.05 whereas on the opposite extreme,
buckling occurs for RI = 0.95 when fR > 0.55.
In addition to predicting critical buckling conditions, the RR
model also provides information about the post-buckled shape of
the disk. Although we do not expect the parabolic shape function
to match details of the simulation deﬂected proﬁles in Fig. 8A, it
does estimate the maximum disk deﬂection. Nine hundred evenly
spaced data points are used to represent the maximum deﬂection
of the disk normalized to the disk radius over the domain
0 6 {fR, RI} 6 1 for uð1Þ ¼ 0:01 and h = 0.02 in Fig. 10A. The RR model
is then used to examine the maximum buckling behavior of the
disk in two other regions of the phase space: 0 6 h 6 0.1, 0 6 RI 6 1stress relaxation fraction, fR, against the normalized spot irradiation radius, RI, for
dius for uð1Þ ¼ 0:01 and fR = 1.0; and (C) the non-dimensional applied radial strain
malized to the disk radius, w ¼ ~w=~R. In (A), a grids of 900 and 10,000 data points are
espectively.
2100 K.N. Long et al. / International Journal of Solids and Structures 48 (2011) 2089–2101for uð1Þ ¼ 0:01 and fR = 1 in Fig. 10B and 0 6 uð1Þ 6 0:01; 0 6 RI 6 1
for h = 0.02 and fR = 1 in Fig. 10C.
In Fig. 10A, the discretely sampled domain results in numerical
roughness of the contours, but quantitative comparisons are still
possible. Overall, the RR calculations qualitatively agree well with
the maximum deﬂection from the simulations. It correctly predicts
no buckling in all four limits of RI, fR? 0, 1, and it agrees with the
simulation that the maximum deﬂected shape is achieved when
fR = 1 and 0.5 6 RI 6 0.6. However, the RR method quantitatively
underpredicts the maximum deﬂection throughout the domain.
The critical difference is that all deﬂected curves predicted by the
simulation involve a change in sign of the curvature and thus in-
clude an inﬂection point. This information does not exist in a
parabola. For {fR, RI} < 0.5, it is particularly stiff relative to the sim-
ulation results because the parabolic shape function cannot repre-
sent the family of curves as shown in Fig. 8. For RI > 0.5 and fR < 0.5,
the RR predictions are closer to those by the simulations.
Again, asymmetric buckling behavior across RI = 0.5 is observed
in both the simulations and RR calculations owing to the size ef-
fects of the ﬁlm thickness at small values of RI. However, Fig. 10A
indicates that the asymmetric dependence on RI diminishes for
large post-buckled maximum deﬂections, which are greatest near
RI = 0.5. Interestingly, the RR model predicts that the maximum
disk deﬂection occurs for RI < 0.5, which is also predicted by the
simulation results although it is not presented in Fig. 10A. These
trends of skewed buckling conditions that favor RI > 0.5 and a max-
imum buckled shape that occurs just below RI < 0.5 are observed in
Fig. 10B and C as well.
Because the simulations are computationally expensive, only
the RR and linear plate theory models are used to examine the
buckling behavior in domains of {h, RI} and fuð1Þ;RIg. In Fig. 10B,
the control parameters are uð1Þ ¼ 0:01; f R ¼ 1:0. Here, an increased
ﬁlm thickness quickly reduces the disk’s buckling behavior as ex-
pected given that the ratio of the bending to stretching energies
scales with h2 in Eqs. (12) and (13). Therefore, we expect bending
(buckling) to disappear as h increases. It is noted that as h in-
creases, the thin thickness assumption used in linear plate theory
and RR model becomes less accurate. As h increases, buckling con-
ditions and post-buckled deﬂections become progressively asym-
metric about RI = 0.5. In the opposite limit, the disk buckles for
progressively larger domains of 0 < RI < 1 as anticipated. Further-
more, Fig. 10B is consistent with Figs. 8, 9, and 10A in showing that
the maximum disk deﬂection occurs near RI  0.5. Generally, the
pinned linear plate theory is slightly too compliant compared with
the RR model as before, but the clamped condition is too stiff and
an only be regarded as a conservative prediction.
In Fig. 10C, the radial deformation is varied against the spot
irradiation radius for ﬁxed control parameters of h = 0.02, fR = 1.0.
Here, added applied radial deformation increases the maximum
deﬂection behavior and the range of RI over which the disk buckles.
Compared with the other regions of the phase space, (Fig. 10A and
B), the edge-to-center buckling amplitude depends almost linearly
on the applied radial strain as evidenced by the approximately
evenly spaced contours, and furthermore, the contours are approx-
imately symmetric across RI than in Fig. 10A and B. Finally, in con-
trast with Figs. 9 and 10A and B, the linear plate theory critical
conditions are both compliant relative to the RR model for
RI < 0.6, 0.8 corresponding to the clamped and pinned boundary
conditions respectively. For large RI, both linear theory predictions
are comparatively stiff as observed in Fig. 10A and B.6. Conclusions
Light activated polymers, which undergo complex deformation
in response to optical and mechanical stimuli, are well suited forinnovation in actuation and sensing technologies because they
are particularly sensitive to different photo (mechanical) condi-
tions. However, this sensitivity also makes design with LAPs difﬁ-
cult. In this work, we have explored a basic photomechanical
patterning scenario with a light-induced stress relaxing elastomer.
Speciﬁcally, we examined the behavior of thin ﬁlms subjected to
equi-biaxial deformation, irradiation/stress relaxation within a cir-
cular subregion, and release of the ﬁlm from mechanical con-
straints. With experiments, ﬁnite element analyses, and
analytical calculations, we have demonstrated that two potentially
useful phenomena occur in this basic photo mechanical scenario.
First, during the irradiation/material activation step, the irradiated
region further deforms as the region outside of the irradiated zone
elastically unloads, which results in a reduced thickness inside the
irradiated region (a depression) compared with the surrounding
ﬁlm; second, under speciﬁc photo mechanical conditions, the re-
leased ﬁlm will buckle out of plane, which we demonstrate with
all three approaches. Our ﬁnite element calculations, which we re-
gard as our most robust predictive tool, are qualitatively validated
by the experimental results. In addition, we conducted analytic cal-
culations to show how the four design parameters (the ﬁlm thick-
ness, dose of irradiation/stress relaxation, applied radial strain, and
the radius of the irradiated spot) can be used to control the forma-
tion of buckling spot. Among the four parameters, the least sensi-
tive parameter is the applied radial strain, but the buckled ﬁlm
response is otherwise extremely sensitive to the remaining three
parameters. Clearly, if buckling is desired, one should apply a large
strain on a slender disk and zap it with a substantial dose of irra-
diation/stress relaxation within a circle that is approximately 1/2
the radius of the disk. These rich results motivate our next objec-
tive to examine problems of periodically photo-patterned ﬁlms
and multi-step photo-mechanical programming of LAPs.
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Appendix I. Elastic-instability analysis of the irradiated region
Following Timoshenko and Gere (Reprinted 2009), We begin
with the axially symmetric (linear) equation for the deﬂection of
the plate,
~w;~r~r~r þ
~w;~r~r
~r
 ~w;~r
~r2
¼
~Q
~D
; ~D ¼
~E~h3
12 1 m2ð Þ : ðA1Þ
Here, ~w; ~Q represent the transverse deﬂection and shearing-force
per unit length, and ~D is the ﬂexural rigidity of the plate. The
notation ‘‘;~r’’ denotes differentiation with respect to the radial
coordinate. Although there are no transverse loads, ~Q arises from
the in-plane stresses acting on the slightly deﬂected disk as,
~Q ¼ ~h~rcritrr sinð ~w;~rÞ  ~h~rcritrr ~w;~r ; ðA2Þ
provided that j ~w;~rj  1. Noting that the deﬂection slope is directly
related to angle between the normal to the plate and the symmetry
axis through ~w;~r ¼ /, Eq. (10) transforms into the standard Bessel
differential equation, which with substitutions ~a2 ¼ ~h~rcritrr~D and
u2 ¼ ð~a~rÞ2 ¼ 12ð1 m2Þ r2rcritrr
h2
is given below along with the general
solution,
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/ ¼ C1J1ðuÞ þ C2Y1ðuÞ ðA3bÞ
where J1(u), Y1(u)are ﬁrst order Bessel functions of the ﬁrst and sec-
ond kinds, respectively and C1, C2 are constants. Because Y1(u) di-
verges as u? 0, C2 = 0.
The critical buckling stress can be determined by enforcing
boundary conditions on the general solution, Eq. (12b). A glimpse
at the predicted deﬂection shapes from the simulation presented
in the Results Sections suggests that a pinned boundary condition
at r = RI is appropriate for the (isolated) irradiated region, which re-
quires that the bending moment vanishes at r = RI. Hence, in non
dimensional form,
/;r þ
m
r
/
 	
r¼RI
¼ 0! aRIJ0ðaRIÞ  ð1 mÞJ1ðaRIÞ ¼ 0 ðA4Þ
Here, J0(u) is the zeroth order Bessel function of the ﬁrst kind. Let-
ting m = 0.5, characteristic of incompressible elastomers, the small-
est root to Eq. (A3) is aRI = kpin  2.166. Hence the critical
buckling stress for the irradiated region is,
rcritrr ¼
k2D
hR2I
¼ k
2h2
12ð1 m2ÞR2I
: ðA5Þ
For different boundary conditions, such as a clamped boundary at
r = RI, the form of the critical buckling stress remains the same,
but the value of k changes. For a clamped boundary condition, /
(r = RI) = 0? J1(aRI) = 0, so that kclamped  3.832 for m = 0.5.
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